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PlanPlan

• Time Petri Nets (TPN model)

• TPN state space abstractions

• The state class graph method (SCG)

• Contracting the state class graph  (CSCG)

• Model checking using an interval timed 

extension of Büchi Automata (ITBA)

• Conclusion
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Time  Petri  Nets � � � � ��� �	 �
 � � � � � 
 � � � �

� a good compromise between modeling Power and
verification possibilities

[2,3] [1,1]

P2P0 P1t0 t1

• Extension of  Petri Nets  by associating timing 
constraints with transitions in the form of intervals
(static firing intervals)
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� � � �� � � � � ����� � � � � � ��� � � � � �� � ��� �� � � �� � � � �� � � �� � � � � ����� � � � � � ��� � � � � �� � ��� �� � � �� � � � �� � � �� � � � � ����� � � � � � ��� � � � � �� � ��� �� � � �� � � � �� � � �� � � � � ����� � � � � � ��� � � � � �� � ��� �� � � �� � � � �

[1,1][2,3]

P0 P1 P2t0 t1

Interval State (M,I)

P0=1, P1=0, P2=1

I(t0) = [2 , 3]

Clock State (M,v)

P0=1, P1=0, P2=1

v(t0) = 0

Two state definitions:  



Hanifa Boucheneb EPM

� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �

[1,1][2,3]

P0 P1 P2t0 t1

TPN state evolves either by time progression or by firing transitions

Time
2.5

Clock State (M,v)

P0=1, P1=0, P2=1

v(t0) = 2.5

Interval State (M,I)

P0=1, P1=0, P2=1

I(t0) = [0 , 0.5]

bounds of 
intervals
decrease
with time

Clocks
increase
with time
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� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �

[1,1][2,3]

P0 P1 P2t0 t1

Time
2.5

Interval State (M,I)

P0=1, P1=0, P2=1

I(t0) = [0 , 0.5]

Clock State (M,v)

P0=1, P1=0, P2=1

v(t0) = 2.5

TPN state evolves either by time progression or by firing transitions

lower bound
reaches 0

� t0  is firable

Clock
reaches the 
interval of t0 
� t0 is fiable
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Clock State (M,v)

P0=1, P1=1, P2=1
v(t0) = 0
v(t1) = 0

� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �

[1,1][2,3]

P0 P1 P2t0 t1

Time
2.5

t0

TPN state evolves either by time progression or by firing transitions

Firing may
enable / 
disable

transitions

Interval State (M,I)

P0=1, P1=1, P2=1
I(t0) = [2 , 3]
I(t1) = [1 , 1]

Firing may
enable / 
disable

transitions
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� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �

[1,1][2,3]

P0 P1 P2t0 t1

Time
2.5

t0

1

Interval State (M,I)

P0=1, P1=1, P2=1
I(t0) = [1 , 2]
I(t1) = [0 , 0]

Clock State (M,v)

P0=1, P1=1, P2=1
v(t0) = 1
v(t1) = 1

TPN state evolves either by time progression or by firing transitions

Clock
reaches the 
upper bound
� t1 must be

fired

Upper bound
reaches 0

� t1 must be
fired
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� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �� � � � � �� � � � � �� �

[1,1][2,3]

P0 P1 P2t0 t1

Time
2.5

t0

1

t1

Interval State (M,I)

P0=1, P1=0, P2=1

I(t0) = [1 , 2]

Clock State (M,v)

P0=1, P1=0, P2=1

v(t0) = 1

TPN state evolves either by time progression or by firing transitions
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� � � �� � � � � �� � � �� � � � � �� � � �� � � � � �� � � �� � � � � �� ! � � �� ! � � �� ! � � �� ! � � �

P0=1, P1= 0, P2=1
v(t0) = 2

P0=1, P1= 0, P2=1
v(t0) = 0

Transition system (S,� , s0)

P0=1, P1= 0, P2=1
v(t0) = 0.01

0.01

2 t0 P0=1, P1= 1, P2=1
v(t0) = 0
v(t1) = 0

P0=1, P1= 0, P2=1
v(t0) = 0.02

P0=1, P1= 0, P2=1
I(t0) = [0 , 0]

P0=1, P1= 0, P2=1
I(t0) = [1 , 2]

P0=1, P1= 0, P2=1
I(t0)= [0.99 , 1.99]

0.01

2 t0 P0=1, P1= 1, P2=1
I(t0) = [1 , 2]
I(t1) = [1 , 1]

P0=1, P1= 0, P2=1
I(t0) = [0.98 , 1.98]

Clock
Characterization

Interval 
Characterization

Infinite state space with infinite branching

t0
t0

t0
t0

0.01

0.01

s0

s0
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How to abstract the TPN state space ?
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TPN state space abstractions

Reachability proper ties
Linear  proper ties

Branching proper ties 

Abstraction � Abstract irrelevant information while preserving properties of 
interest:

� Reachability: markings or states of the model.
� L inear  proper ties: fir ing sequences of the model.
� Branching properties: execution trees of the model.

Challenge: 
�� More coarser finite abstraction preserving properties of intereMore coarser finite abstraction preserving properties of interest. st. 
�� Computed with minor  resources (time and space).Computed with minor  resources (time and space).
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TPN state space abstractions

Reachability, Branching,
L inear  proper ties

TPN state space abstractions in the literature preserving linear properties:  
� SCG  [Berthomieu &  Diaz 1991],
� GRG [ Yoneda &  Ryuba 1998],
� SSCG  [Berthomieu &  Vernadat 2003],
� ZBG   [Gardey &  Roux 2003],
� CSZG [Hadj idj &  Boucheneb 2005].
� ASCGs

� may differ in: 
� Character ization of states ( interval state abstractions, clock 
state abstractions) ,
� Agglomeration cr iter ia of states
� Preserved proper ties.
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Three levels of abstraction: 
1. Time abstraction

OR

2. States reachable by the same firing sequence independently 
of their firing times are agglomerated in the same node.

TPN state space abstractions

q ts1 s2
ts1 s2

s’1

q ts1 s2s’1 s1 s2s’1
t

t1
t1

t2

t2

t2

t2

t3
t1

t1
t1

t1

t1

t2

t2

t3
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TPN state space abstractions

3. Agglomerated states are then considered modulo some relation of 
equivalence: 

� Fir ing domain of the SCG [Berthomieu & Diaz 1991],
� k-approximation of the ZBG [Gardey & Roux 2003],
� Approximation of the SSCG [Berthomieu & Vernadat 2003],
� k-normalization of the CSZG [Hadjidj & Boucheneb 2005], 
� Relation of equivalenceof the GRG [ Yoneda & Ryuba 1998].  

���� Finite abstractions for  bounded TPNs

t1
t1

t2

t2

t2

t2

t3
t1

t1
t1

t1

t1

t2

t2

t3

t1

t1

t2

t2

t3
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TPN state space abstractions
The SCG is the more interesting abstraction. Why?  

• The SCG is an interval state abstraction; all others are clock
state abstractions.

• Abstractions based on clocks do not enjoy naturally the 
finiteness property for bounded TPNs with unbounded
intervals. The finiteness is enforced using: 
� k-approximation of the ZBG  [ Gardey & Roux 2003], 
� Approximation of the SSCG  [Berthomieu & Vernadat 2003],
� k-normalization of the CSZG [Hadjidj & Boucheneb 2005].

���� may involve some overhead computation.

• The interval characterization of states has a more abstracting
power than the clock characterization, and allows to construct
more compact abstractions.
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TPN state space abstractions

[3,µµµµ [[1,3]

P0 P1t0 t1

� Many ZBG zones may map
to a single SCG state class. 

The number of zones 
depends on the value  
of these bounds (3+1)

a0 = (P0=1,P1=1,  

1 � t0 � 3 Ù 3 � t1 < µ ) 

a1 = (P0=1,P1=1,  

1 � t0 � 3 Ù 0 � t1 < µ )

t0 [1,3]

t0 [1,3]
SCG state classes  for t0+

z0 = (P0=1,P1=1,  

0 � t0 = t1 � 3 ) 

z1 = (P0=1,P1=1,  

0� t0 � 3 Ù 1� t1 Ù 1� t1-t0 � µ )

z2 = (P0=1,P1=1,  

0� t0 � 3 Ù 2� t1 Ù 2� t1-t0 � µ )

z3 = (P0=1,P1=1,  

0� t0 � 3 Ù 3� t1 Ù 3� t1-t0 � µ )

t0 [1,3]

t0 [1,3]

t0 [1,3]

t0 [1,3]

ZBG zones for t0+

Firing
domain

Clock
domain
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The state class graph method
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1. State characterization: interval state  (M,I) 

2. Time abstraction:

3. States reachable by the same firing sequence are agglomerated  and 
considered modulo some relation of equivalence ���� firing domain

The state class graph methodThe state class graph method

t1
t1

t2

t2

t2

t2

t3
t1

t1
t1 t1

t1

t2

t2

t3

State classes

q ts1 s2
ts1 s2

s’1

� A state class = (marking, set of constraints which characterizes its states)
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t1= new t1+t0

The state class graph method

[3,µµµµ [[1,3]

P0 P1t0 t1

• The initial state class: a0 = ( P0=1,P1=1,  
1 � t0 � 3 Ù 3 � t1 < µ )

• succ(a0,t0) ¹ Æiff t0 is enabled and the following formula is consistent 
1 � t0 � 3 ÙÙÙÙ 3 � t1 < µµµµ ÙÙÙÙ t0 � t1

• The firing of t0 leads to the state class a1 = (P0=1,P1=1, F1) where F1 is     
computed in four steps: 
1. F1 ���� 1 � t0 � 3 ÙÙÙÙ 3 � t1 < µµµµ ÙÙÙÙ t0 � t1
2. Replace t1 with t1+t0:   1 � t0 � 3 ÙÙÙÙ 3 � t1+t0 < µµµµ ÙÙÙÙ t0 � t1+t0
3. Eliminate by substitution t0 and conflicting transitions:    0 � t1 < µµµµ
4. Add constraints of newly enabled transitions: 0 � t1 < µµµµ ÙÙÙÙ 1 � t0 � 3
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The state class graph method

• F is a conjunction of atomic constraints:  ti - tj ���� c,    ti ���� c,    - tj ���� c,
where ti, tjÎ T, c Î Q  È { µ , -µ }, � Î {=, � ,³ }

• Canonical form of F:

where  o represents the value zero and
SupF(x-x’) is the least upper bound of x-x’ in the domain of F

• It can be represented by a Difference Bound Matrix (DBM) D:
"""" x,x’ ÎÎÎÎ En(M) ÈÈÈÈ {o}, Dxx’ = SupF(x-x’)

• F and all formulae equivalent to F have the same canonical  form.

• Canonical form of F may be computed using:

– The shortest path Floyd-Warshall’s algorithm in O(n3), n being the number of 
variables in F, or

– The algorithm, proposed in  [Boucheneb & Mullins 2003], in O(n2).
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The state class graph method
Algorithm proposed in  [Boucheneb & Mullins 2003]

Let a=(M,D) be a state class in canonical form and tf a transition.

Time complexity 
O(n)

Time complexity 
O(n2)
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Prod/cons [1,1][1,2]

P0 P1 P2t0 t1

{P0,P2}

{P0,P1,P2}

{P0,2P1,P2} {P0,P2}

State Class Graph

An example

Reachable markings:
1. P0 =1, P2=1 
2. P0=1, P1=1, P2=1
3. P0=1, P1=2, P2=1

Firing sequences:   t0; { t0; t1,  t1;t0} ¥

Path / cycle times of firing sequences
[Boucheneb & Mullins 2003]:

From C0:    t0; t1  � [2,3]
From C1:    t0; t1  � [1,2]

� SCG is finite iff the TPN is bounded.
� SCG preserves markings and traces of the TPN  � Linear properties
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Contracting the state class graph
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Contracting the state class graph

• Define a relation of equivalence over state classes such that 
equivalent classes have the same firing sequences.

• Construct a quotient graph w.r.t. the relation of equivalence.

� Over-approximation of state classes  [Boucheneb & Rakkay; 
ACSD 2007]:

D:      - doi £ ti £ dio
- doj £ tj £ djo
- dji £ ti - tj £ dij

tj

ti
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Over-approximation of state classes

• The idea of this operation comes from:
1- The line and column o of each DBM D are not necessary to 

compute successor state classes of (M,D) (they can be 
eliminated) 

� a gain in space

2- The firing of any transition tf from a state class a=(M,D), will 
disable all transitions conflicting with tf.  

� There is no need to compute, for the successor of a by tf
distances between tf and its conflicting transitions,

� but we need to know whether tf is firable or not before all 
enabled transitions (including those in conflict with tf).

� State classes with lesser constraints
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Over-approximation of state classes

�
�
�

�
�
�

�
³¹

¹=¹=¥

=

otherwise    

 )conflict in   tjand (ti and        

 0 dij and  o) j, (i if     0

o)i and o(jor  o)j and o(i if     

~

dij

ijd

D
~

tj

ti

Eliminate 
simple 
constraints

CSCG is the quotient graph of SCG w.r.t  »:

Lemma: » is a bisimulation over the SCG

212121
~~  iff   ,, aaaaaa =»Î" C

tj

ti
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Contracting the state class graph

Classes  of 
equivalence can 
be computed in 
O(n2) directly 

from 
equivalence 

classes of their 
predecessors
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Prod/cons [1,1][1,2]

P0 P1 P2t0 t1

{P0,P2}

{P0,P1,P2}

{P0,2P1,P2} {P0,P2}

State Class Graph

An example (no conflicting transitions) 

C0 » C3
-¥ £ t0 £ ¥

� CSCG is smaller than CSG.
� CSCG preserves markings and traces of the TPN  � Linear properties

CSCG
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transitions

Eliminating simple 
constraints
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transitions

t3, t4 are in 
conflict

t1, t2 are in 
conflict



Hanifa Boucheneb EPMAnother example with conflicting 
transitions

CSCG

SCG
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Contracting the state class graph
Experimental results
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Contracting the state class graph
Experimental results

Ratio1 = SCG / CSCG

Gain in time and size
grows with the size of 

the model 
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Model checking of  SCG/CSCG Model checking of  SCG/CSCG 
using using BBüüchichi Automata methodAutomata method



Hanifa Boucheneb EPM

L(TPN) ÇÇÇÇ L(BA)¹ Æ¹ Æ¹ Æ¹ Æ

BBüüchichi Automata  (BA) methodAutomata  (BA) method

[1,1][1,3]

P0 P1 P2t0 t1

{p0,p1}

{p0,p1,p2}

{p0,2p1,p2} {p0,p1}

TPN model

SCG or CSCG

)(  jnot  BA

Negation of a property

Counter-exampleCounter-example

Property not 
satisfied
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 � � � � � � � � � � �� � � � � � �
 � � � � � � � � � � �� � � � � � �


 � � �
 � � �
 � � �
 � � �ÄÄÄÄ � �� �� �� �

Property 
satisfied

or
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Interval Timed Interval Timed BBüüchichi AutomataAutomata
(ITBA)(ITBA)
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BA  +  {interval delays} +
{guards on delays} +

{(re)setting /deactivation of delays}

Guards on delays: {  before x, 
in x,    
beforeExit x,   
after x,         
true} 

Interval Timed Interval Timed BBüüchichi AutomataAutomata

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], :P1>0-> in x

, beforeExit x : (P1>0-> in x)

P1=0 P1=0 P>0
beforeExit x

beforeExit x
in x

P1=0

beforeExit x
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

• With each delay x is associated a dynamic interval I(x).

• I(x) can be set to an interval at the beginning or when an edge is fired.

• When I(x) is set  to an interval, its bounds decrease with time until it is
deactivated.

State:      ( li, A, I )

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], :P1>0-> in x

, beforeExit x : (P1>0-> in x)

To be satisfied 
when the edge is 

fired
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

­ I(x) < 0­ I(x)  ³ 0¯ I(x)  £ 0, ­ I(x) ³ 0¯ I(x) >0

after xbeforeExit xin xbefore x

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)

Time
I(x)=[a,b]

0 a b

I(x)=[0,b-a] I(x)=[a-b,0]before x in x after x

beforeExit x

State:      (li, A, I)
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time

State  q = (l0, A, I),    A={x},  I(x)=[1,2]

l0

Time

State  q = (l0, A, I),    A={x}, I(x)=[1,2]

l0

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time
1

State  q = (l0, A, I),    A={x}, I(x)=[0,1]l0
P1=0

Time
2.5

State  q = (l0, A, I),    A={x}, I(x)= [-1.5,-0.5]
l0
P1=0

bounds of 
intervals
decrease
with time

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time
1

State  q = (l0, A, I),    A={x}, I(x)=[0,1]
l0
P1=0

Time
1

State  q = (l0, A, I),    A={x}, I(x)= [0,1]
l0
P1=0

l0
P1=0

l0
P1>0

P1>0 �
x in

must be
satisfied

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)

beforeExit x
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time
1

State  q = (l0, A, I),    A={x}, I(x)=[-1,0]
l0
P1=0

Time

State  q = (l0, A, I),    A={x}, I(x)=[-2,-1]
l0
P1=0

l0
P1=0

1

1

l0
P1>0

2

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time
1

State  q = (l0, A, I),    A={x}, I(x)=[-1,0]
l0
P1=0

Time

State  q = (l1, A, I),    A= {x}, I(x)=[-2,-1]
l0
P1=0

l0
P1=0

l0
P1>0

1

1

l0
P1>0

2

l1
true

P1>0 �
x in

must be
satisfied

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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Interval Timed Interval Timed BBüüchichi AutomataAutomata

Time
1

State  q = (l1, A, I), A= {x}, I(x)=[-2,-1]
l0
P1=0

l0
P1=0

l0
P1>0

1

Time

State  q = (l1, A, I), A= {x}, I(x)=[-2,-1]
l0
P1=0

1

l0
P1>0

2

l1
true

l1
true

1

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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Synchronous product TPNSynchronous product TPNÄÄ ITBAITBA

l0
Time

1; t0 || (l0,l0) l0 1; t1 || (l0,l1)

P1>0P1=0

l1

true

Accepted
run

I(x)=[1,2] I(x)=[0,1] I(x)=[-1,0]

TPN [1,1][1,3]

P0 P1 P2t0 t1

I(x)=[1,2]

Time
3; t0 || ?l0

P1=0 P1>0

Non accepted
run

I(x)=[-2,-1]
?

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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SCG / CSCG of TPNSCG / CSCG of TPNÄÄ ITBAITBA

TPN [1,1][1,3]

P0 P1 P2t0 t1

State class of TPNÄITBA: (M, li, A, F )

En(M) È A

x - tf < 0x - tf ³ 0x -tf = 0x - tf > 0

after xbeforeExit xin xbefore x

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)

before x is
satisfied when tf

is fired

Firing some transition tf:
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TPN [1,1][1,3]

P0 P1 P2t0 t1

3t01

 2x1

{ x} , l0),P2} ,({ P0,

££

Ù££C0

TPNTPNÄÄ ITBAITBA

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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P2

3t01

2x1

{ x} ,l0),P2} ,({ P0,

££

Ù££C0

11

301

0

{ x} , l0),P2} ,P1,({ P0,

=

Ù££

Ù=

t

t

x

t0 [1,2]
(l0,l0)

C1

TPN [1,1][1,3]

P0 P1t0 t1

TPNTPNÄÄ ITBAITBA

1 £ x £ 2
1 £ t0 £ 3
t0 - x £ 0
t0 – x = 0

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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TPN [1,1][1,3]

P0 P1 P2t0 t1

3t01

2x 1

{ x} , l0),P2} ,({ P0,

££

Ù££C0

C2

11

301

0

 { x} , l0),P2} ,P1,({ P0,

=

Ù££

Ù=

t

t

x

t0 [1,2]
(l0,l0)

1 t00

} ,{ l1),P2} ,({ P0,

££

Ù- ¥=x

x

C1

t1 [1,1]
(l0,l1)

TPNTPNÄÄ ITBAITBA

t1 £ t0

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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TPN [1,1][1,3]

P0 P1 P2t0 t1

3t01

2x 1

{ x} ,l0),P2} ,({ P0,

££

Ù££C0

C2 C3

11

301

0

 { x} , l0),P2} ,P1,({ P0,

=

Ù££

Ù=

t

t

x

t0 [1,2]
(l0,l0)

t0 [0,2]
(l1,l1)

1t1

3 t01

-x

,}{ l1),P2} ,P1,({ P0,

=

Ù££

Ù¥=

x

C1

t1 [1,1]
(l0,l1)

t1 [1,1]  (l1,l1)

2 t00

 -x

,}{ l1),P2} ,({ P0,

££

Ù¥=

x

TPNTPNÄÄ ITBAITBA

L(TPN) ÇÇÇÇ L(ITBA) ¹ Æ¹ Æ¹ Æ¹ Æ

)01P( U)01P( ]2,1[ >=

l0 l1
P1>0

P1=0

true

x:[1,2], : P1>0-> in x

, beforeExit x : (P1>0-> in x)
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• CSCG

• An Interval Timed Büchi Automata (ITBA)

• A verification technique using ITBA and 
SCG / CSCG

� � � � � � �� �� � � � � � �� �
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Merci!


